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$1. INTRODUCTION 
THE PURPOSE of this note is to show that the vanishing theorem of Adams [l] generalizes to 
the unstable Adams spectral sequence of Massey and Peterson [6]. As a consequence we 
obtain (2.8-2.10) upper bounds on the order of elements in the 2-torsion of 71i S”,71i SU(n), 
niSO(n), etc. Our vanishing results extend those obtained by Curtis [S] using a different 
method. 
The Massey-Peterson spectral sequence is defined (see 1.2) for a space X with 
H*(X; Z,) w U(M) 
where M is an unstable module over the Steenrod algebra A, and U(M) is the free unstable 
A-algebra generated by It4 (see [7, p. 291). The E,-term of the spectral sequence is then given 
by (1.1) 
Ext,,(M, Z,) 
If M’ = 0 for i < c, then our vanishing theorem (2.6) will describe Ext:i+“(M, Z,) for 
s > cp,(n - c) where the function cp,(n - c) is approximately (n - c)/2. In particular, we 
show that 
Extf>+“(M, Z,) = Ext;2*s+1 +“(A4, Z,) 
for s > q,,(n - c), and in this range Ext,,(M, Z,) thus consists only of towers whose posi- 
tions are easily determined. The topological corollaries of this result will follow immediately 
from (1.2). 
We prove the vanishing theorem by using a square of Toda’s (3.5) to obtain a weak 
unstable version of Adams’ periodicity result. This permits US to compute (Section 4) the 
E,-terms for spheres in a range near the vanishing line. 
The author is grateful to E. B. Curtis and D. M. Kan for their advice and criticism. In 
fact, the unstable vanishing and periodicity phenomenon for spheres was first observed by 
E. B. Curtis [5]. 
TThis paper was written while the author was partially supported by NSF GP 8885. 
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1.1. Notation 
Let A.44 denote the category of unstable left A-modules [7, p. 271, where A is the mod-2 
Steenrod algebra. 
ForMEAJlet 
Ext2A(M, Z,) = Ext>,(M, ii*(Y)) 
be the usual extension group in A&. 
Similarly, let &A denote the category of unstable right A-modules [2, 3. I], and for M E AA 
let 
ExtS;l;(Zz, M) = Ext>&(S), M). 
Note that when M E .NA is of finite type 
Ext>>(ZZ , M) z Ext>A(M*, Z,). 
1.2. The unstable Adams spectral sequence 
We shall use the spectral sequence of [2] which includes that of Massey-Peterson [6] 
as a special case. Let X be a simply connected space with x,X of finite type. Suppose that 
either (i) H*(X; Z,) M U(M) for M E A& or (ii) H*(X; Z,) is a polynomial algebra. 
There is a spectral sequence {E,(X)} with 
d, : E;‘(X) + E;+rVr+r-l(X) 
such that 
(1) In case (i) 
and in case (ii) 
E”;‘(X) x Ext;A(M, Z,) 
E”;‘(X) x Ext:;‘(QH*X, Z,) 
where QH*X consists of the indecomposables in H*(X; Z,) with graduation lowered by one. 
(2) {EY+“(X)L, is the graded group associated to a decreasing filtration of rc, Xl 
(odd torsion). 
This result may be applied, for example, when X = S”, BSO(n), SU(n), Sp(n), or when 
X is a Stiefel manifold. 
$2. THJ3 VANISHING THEOREM 
Recall from [2, 3.31 that for M E .&lA 
Ext$(Z,, M) z H”@‘(M)),_, 
where V(M) is the chain complex 
M+M@A’-+M@A2+.*- 
constructed using the aglebra A( = El(S) in [3]). Most computations of Ext,,(Z, , M) have 
been made via V(M), and we shall therefore state our vanishing theorem (2.6) in terms of 
V(M). 
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2.1. The tower detector 
For M E .&A with M, = 0 we define a quotient complex T(M) of V(M) by 
T”(M) = 
I 
M @ (l.J s = 0, 1 
M 0 (&)’ @ 1 M,, @ A,,- G,)S- ’ s > 1 
k>O 
6(x czl A,,_ #Oyl) = 0 
6(x 0 (Ao)‘) = 
( 
xSq’ 0 (Ao)scl +  xSq2’ @ r&k_ l(;io)s s > 0, x E M,, 
xSql 8 (Lo)‘+ ’ otherwise. 
The allowable monomial basis [2,2.3] for A determines a projection 
q : V(M) -+ T(M) 
compatible with the differentials. Clearly H*(T(M)) consists of towers in the sense that 
H2(T(M)), = HV(M)), 
for s > 1. We remark that H”(T( .)) is the sth derived functor of H”(r( *)). 
2.2. The complex O(M). 
Define a subcomplex 
j: O(M) c V(M) 
where O”(M) is generated by all x @I ,I, E MO A” such that AI = &, - * * Ais is allowable with 
i, odd. Note that if Mi = 0 for i < c then V(M)” = 0 for s > n - c. 
PROPOSITION 2.3. For M E &A with M, = 0 there is a long exact sequence 
. . . -t H”-‘(T(M)),+ 1 -+ H”(O(M)), 2 H”(V(M)), 2 H”(T(M)), --f *. * 
Proof. A slight modification of an argument in [see Ref. 9, p. 4851 shows that the 
natural map 
:s an isomorphism. 
H*(O(M)) -+ H*(Ker q) 
Remark 2.4. By (2.3) the towers in H*(T(M)) correspond to those in H*(V(M)). 
To a large extent (2.3) reduces the computation of H*( V(M)) to that of H*(C)(M)). Note that 
f M = ii, then q* is epimorphic. 
(2.5.) For nz 2 2 and c 2 2 define functions q,(m) by the table: 
m=8k+ 0 1 2 3 4 5 6 I 
F&I)= 4k+ 0 0 2 3 4 4 5 4 
q&z) = 4k+ -1 1 2 3 3 4 4 4 
c&m) = 4k + 0 1 2 3 3 4 4 3 
p (m)=4k+ 0 1 2 3 3 3 3 4 
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where vC(m) = q(m) for c 2 5. Let q,(O) = - 1 and q,(l) = I for c 2 2. Also let q,(O) = - 1 
and cpl(m) = qo,(m - 1) for m 2 1. 
Our main result is: 
THEOREM 2.6. (Vanishi~zg). Let M E &A with M, = 0 for i < c where c 2 1. Then 
Exty”,+(Z, , M) z H”( V(M)), : H”( T(M)),, 
is an isomorphism for s > g~,,(n - c). 
This will be proved in (4.7). 
Remark 2.7. This result is best possible in the sense that for each c, s, n there exists an 
M (given by some fi,(S’), i 2 c) such that q* is not manic for s = qC(n - c). 
COROLLARY 2.8. In the 2-component of rc,,+,,,(S”) each element has order 12’p”(m’. 
This result can be improved using the computations of Section 4. 
COROLLARY 2.9. In the 2-component of r~~+,,(sU(n)) each element has order ~2”~@“. 
COROLLARY 2.10. In the 2-component of x1 +,(SO(n)) each element has order <2’p”“‘. 
Use 1.2 for BSO(0). 
$3. A PERIODICITY THEOREM 
For M E A.&’ let H*g,(A4) denote the cohomology of A4 
DeJinition 3.1. A module M E A./[ is Q,-trivial if 
Sq2” : M’” + Hz(M) 
is an isomorphism for PZ r 0 and Nk,,(M) = 0 for k # 4n. 
with differential the Q, = S,‘. 
Remark 3.2. A module NE .,tiA is towerless (H”T(N) = 0 for s > 0) if and only if 
N* E A& is Q,-trivial. 
Let 
be the functor 
G: A& -+ (graded Z,-modules) 
G(M) = M/(Sq’M + Sq2M) 
The left derived functors L, G will provide our main tool for proving (2.6). 
THEOREM 3.3. If M E A&l is Q,-trivial and s 2 1, there is a natural map 
D : &G(M)‘+ L,+4G(M)‘+12 
such that D is an isomorphism for s 2 2 and a monomorphism for s = 1. 
This will be proved in (3.6). 
Remark 3.4. Let ME A_.&? with M’ = 0 for i c c. Then the condition that L,G(M) = 0 
for all s > 0 is equivalent to the condition 
Ext>J,@4, Z,) = 0 
A VANISHING THEOREM FOR THE UNSTABLE ADAMS SPECTRAL SEQUENCE 341 
for all t < c + 4s. There is a simple criterion for determining whether M has this strong 
vanishing behavior. Let Q, = Sq3 + Sq’Sq’ and call M Q,-trit:iuZ if 
Sq” : (M/Sq1A4M)” -+ HZ;,(M) 
is an isomorphism for IZ 2 0 and H;,(M) = 0 for k odd. ThenL, G(M) = 0 for alls > 0 if and 
only if M is both Q, and Q,-friuiul. We omit the proof of this result since it will not be 
needed here, 
3.5. Toda’s square 








M +- MISq’M 
For M E A.,& let fi = Sq’, fi = Sq4Sq’, f3 = Sq’Sq’, f4 = Sq2 be the indicated maps. The 
composite of successive maps is zero, and we let 
Hj(M) = (Kerfj)/(tmfj-A 
for 1 <j 5 4 where f, = f4. For n 2 0 let F(rr) E AAL be the free unstable module on 




following unstable analogue of Toda’s exactness theorem [8]. 
If’M E AJT is free then : 
(i) H,(M)” = 0 unless n EE 0, 1 mod 8 andfor k 2 0, i = 0, 1 there are isomorphisms 
Sq4k : (M/Sq’M)4k+i --% H,(M)Bk+i. 
(ii) H,(M)” = 0 unless n z 0, 1, 2 mod 8 and for k 2 0, i = 0, 1, 2 there are isomor- 
phisms 
Sq4’ : (M/Sq’M)4k+i * H,(M)8k+‘. 
(iii) H,(M)” = 0 unless n = 0,4, 5, 6 mod 8 and for k 2 0, i = 3,4 there are iso- 
morphisms 
Sq4k : (M/Sq’M)4ka H3(Wak 
Sq 
4k+2 : M4k+Z & H3(M)8’c+4 
Sq 
4kfZ : (SqlM)4k+i& H3(M)8k+i+2. 
(iv) H,(M)” = 0 unless n = 0, 1, 6, 7 mod 8 and for k 2 0, i = 0, 1 there are isomer- 
phisms 
Sq4k + sq4k- 1 Sq’ : (M/Sq’M)4k+i -% H,(M)8k+i 
Sq 
4k+3 : (SqlM)4k+i+3 >+ H4(M)8k+i+6. 
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The proof of these facts involves long but straightforward computations with the 
F(n) E AA. 
3.6. Proof of 3.3 
If ME A& is Q,-trivial then L, W(M) = 0 for s > 0 where W(M) = M/SqlM, 01 
W(n4) == Sq’M, or W(M) = M. Thus in (3.5) 
L,Hj(M) = 0 
for 1 sj I 4 when s > 0. Consequently, for s > 0 
Ls+4 G(M)‘+” = L,+,(Coker f,)(M)‘+” = L,+J(Im f,)(M)‘+‘* 
z L,+,(Ker f,)(M)‘+” z . . . M L,(Im fi)(M)‘+’ 
and the theorem follows since the natural map 
L, G(M)‘+ L&m fi)(M)‘+’ 
is an isomorphism for s 2 2 and a monomorphism for s = 1. 
54. COMPUTATIONS FOR E,(S.) 
4.1. The EHP sequence 
Recall from [4] and [5] that for n 2 2 there is a long exact sequence 
. . . . . ..t-1 (S”-l)~E”;‘(S”)~E;-‘.l-l(~2”-‘)i;~;+l,’-l(~”-’)~... . 
When n = 2j, j 2 1, the sequence splits to give an isomorphism 
@‘(S”) w E;t-r(Sn-l) &S;-1.‘-l(S*“-1). 
Furthermore 
lim E”; t+“(Sn) = E”;‘(S) 
n*m 
is the usual E,-term for the sphere spectrum. 
We now investigate E2(S”) for n = 3, 5, 7. Our data for these spheres, together with 
some knowledge of E*(S), will determine the behavior of all E2(Sn) near the vanishing line. 
Our results extend those of Curtis [4], [5]. 
We list below the only non-trivial groups in the indicated ranges, and we sketch the 
proof in (4.6). 
4.2. The groups E$s+i+3(S3) 
(i) Fors=4k,k21,andO<i18k+2thegroupisZz wheni=8k-3,8k+l, 
8k + 2. 
(ii) For s=4k+l, k>l, and O<i<8k+4 the group is Z2 when i=8k+l, 
8k + 2, 8k + 3. 
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(iii) For s=4k+2,k21, and O<il8k+6 the group is Z, when i=8k+2, 
8k + 3,8k + 4. 
(iv) For s = 4k -t 3, k 2 0, and 0 c i I 8k + 8 the group is Z, when i = 8k + 3, 
Xk + 4,8k + 8. 
4.3. The groups E2s+i+5(S5) 
(i) Fors=4k, k21, andO<i<8k+2 thegroup isZ, when i=8k-1, 8k+l, 
8k + 2. 
(ii) For s=4k+l,k>l, and O<i18k+4 the group is Z, when i=8k+l, 
8k + 2, Sk + 3, 8k + 4. 
(iii) For s = 4k + 2, k 2 0, and 0 c i I 8k + 6 the group is Z, when i = 8k + 2, 
8k + 3,8k + 4,8k + 6. 
(iv) For s = 4k + 3, k 2 0, and 0 c i < 8k + 8 the group is Z, when i = 8k f 3, 
8k + 5,8k + 8. 




8k + 3. 
(iii) For s = 4k + 2, k 2 0, and 0 < i I 8k + 6 the group is Z, when i = 8k + 2, 
Sk + 3,8k + 6. 
(iv) For s = 4k + 3, k 2 0, and 0 < i I 8k + 8 the group is Z, when i = 8k -I- 3, 
8k + 7, and is Z, + Z, when i = 8k + 8. 
4.5. Minimal resolutions 
For M E A&f let JM c M be the sub A-module generated by all Sq’x with x E M 
and i > 0. A map 
f: M+M’EA&f 
is minimal if Kerf c JM. A free resolution C of M 
is minimal if the maps 8, and E are minimal. Each M E Ad has a minimal free resolution, 
unique up to isomorphism. If C is a minimal free resolution of M, then Ext:_>(M, Z,) is 
dual to (C,/JC,>‘. 
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4.6. Proof of (4.2)-(4.4) 
For n 2 1 define N(n) E AA as the quotient of F(n) by the relation QIZ, = 0 where 
F(n) is as in 3.5, Note that N(n) has minimal resolution 
N(n) +- F(n) + F(n + 1) +- F(n -t 2) +- . . a. 
For n odd let h4(n) c N(n) be the submodule formed by omitting the /,, from N(n). Then 
M(~z) is Q,-trivial and 
E;‘(S”) cc Ext;~*‘(M(n), Z,). 
for t # s + n. By (3.3) 
D : L, G(M(n))‘: Ls+‘, G(M(n))‘+” 
is an isomorphism for s 2 1, where the case s = 1 follows since M(n) c F(n - 1). It is not 
hard to show that the only non-trivial groups L, G(M(n))’ for n = 3, 5, 7 and 1 I s 5 4 are 
given by 
L,G(M(n))’ = Z, 
when (n, s. t) is as follows: (3, 1, 7), (3, 1, S), (3, 2, 9), (3, 2, lo), (3, 3, 12), (3,4, 17), 
(5, 1,9), (5, 1, lo), (5, 1, 11), (5,2, ll), (5,2, 13), (573, 16), (594, 19), (5,4,X), (7, 1, 11), 
(7, 1, 12), (7, 1, 16), (722, 13), (7,2, 171, (792, 18), (7,3, 18), (7,3,20), (7,4,21), (7,4, 23). 
Now (4.2)-(4.4) are proved by analysing the minimal resolution C(n) of M(n) for n = 3, 5, 7. 
Using H,(GC(n)) and induction on S, one determines the generators of C(n), in the desired 
range. The inductive hypotheses involve some information on the boundaries of the 
generators. 
4.7. Proof of (2.6) 
First suppose M E AA is such that Mi = 0 for i # c. Then 
4s : fW’W)n -+ ~“CWW>n 
is an epimorphism for all s, n and is an isomorphism for s > qo,(n - c). This follows from our 
information on E,(S’). The general case of 2.6 now follows inductively using the five lemma. 
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